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Heisenberg construction
"

UCI ) principal bundles / sympleelic
ton

"

Tc pi embedded lattice
of full rank

piyp = 'T tons
.

Q/(z+ez) = Ee elliptic come
.

Suppose also that we 're given
a bilinear form on T

R : Txf - z

P = lattice I zn

A
, antisymmetric .

Seek to pot them in can
. form

.



SE Autct ) = Gkn,Z )
ordered

if
we choose basis K ' ' - On

for r
, ;D . ) = Rj amnatin'IoI

integers

r→ sirs
.

Thu : F S
'

I
.E¥¥±I

di .CZ

We'll assume Rij nondegeneoate
⇒ n is even



so :f¥I#D
di to

extending from f- toTQz.lt#we get a nondegenerate bilinear
form on V. : Symplectiform

R(xV+y6,
8

"

) 8,8 'eP

⇐ ×R( r ,r
"

)+yR( 8,8
"

xiye R
P→V

.

Define comwtatw function
on V

k(v , ,k)= e2*iR( v.
,

K )



hum - Heiser

)5V→&
choose cocyde ftyrs ) =

@itR( risk )

( Z
, ,v , ) ' - ( zz ,v . )=⇐zzd*kYpu+n. )

does not split .

Pullback to P dog split .

Heislyr )
U

|→Ua ) →

I⇐"
( T )

Tsp
→ o

←

s

SQ ) = C er
,

0 ) will split
if

Er
, er

,

= £
' itsy

, ,%
y ,+k

un → Heis ( Yryscp ,
5 ' T

U ( l ) I I
'

( Vmodp )



P = ( uchxv)/p
( Z

,
v ) ~ #v ) . Ces

,
8 )

= ( zeyei "→4b,v+y )
[ Cz,v ) ] 't [ u ]=[u+r]

Doi¥
t Connection

÷(H Heist, R )'tV→|

Principal UCI ) bundle
.



Connect

a:-|Finoitty#÷
B'÷¥i

I
our example it  suffices

to define the connection on straightline
paths .

His(YR ) → v

o÷¥oo
17

-
v



Pro ,w
= { vottw / oetei }

( z ,vo)¥( hw ) .CZ,
vo )

. =(ze⇐rhmw+p

÷Eh÷⇐efto

WA
~ Prom ,w .%To+w÷

z,v°)→(ze2ni¥Idv. ,
mute

⇒ Connection has curvatureDescends
to UCI ) bundle over 'T

A ] nontrivial co ho
.

class
.



d.
,

. . .

, ds these give
first Chern class of the bundle

.

=

Rep. of Heis
.

when we don't have

it presented as Heisfxt )

1 → z → E →Ciu) Abelian

k - Comm
.

function : analog of"

symplectic .
form

LCG Lagrangian if k|L×E1
k( g , ,g . ) = 1 Has , ,gzeL .

For G=

S¥?( S×D×( I x E) are max
. lag .

sub

In general G not poeoeuted as KL
'



How to represent Her 's ?

For Heissxs )

SVN '

- Ek ) ort

Cty
some max

. Lag . LCG

it 'll ) =T C Heis (G) maxi Abel
.

Subgroup .

Ch°= character of [

V :[ → ¢ V (

z.xj-zVgx1@xFEs-Hx.x'sv⇐×g↳oi
.

T= Rep. space = Space
of all functions Heise ) - se
that are equivalent

-
under

Right action by [



VI E V means

# : E= Heist ) → ¢

st . 7 ( zix '
) E [ a E

#fz,x)#iD=v¥¥⇐÷
UI ( z ,× ) = the ( ux )

# ) : = II ( i
,

x )

UI

:*

tfIiII¥'÷¥
Qxip descends to GK



Sqyhknt
Notes If G= Heisfxs )

L = lxf

Recover VI LYS ) YSVNrep
Qm

11

HE → HeistEl -Emu 1

E=Z
,

k ( w ,w
' ) =← ,

,EiwiY
'

L €

ftp.t.ON
let he Nq' £

Lagrangian
Xn

li ( o
,

i
, 0,0 ,

- -
- o )

Can Construct such Lag . subspace s

Using classical error
- connecting

Codes
.



N is a

group
of characters on

<
* .cl ) = kc ml )

Mx → Mn

E EM Fun ¢→E )

is a In din 'd cplx us
.

Te
,

Mn in terms of 8
: .

#



Inducedprepresentati
-

G -

group ,
we want to give

rep 's of G
.

H C G subgroup .

Easy to give rep 's of H
.

Choose
aoep .

p%H→GWy
)

vector '

Then we get a canonical space .

nep± of G called the induced

rep denoted Ind,+¥
-

India = { HE.tl#ttjh:ns}



Ile Map ( G →,¥
I

Gx H action on this In . space

( Cg
,D#)q

. ) :=pH .

4155€-

You check : well . defied
valued in 't

group
action

.

=

Look @ .

subspace of fixed vectors

Under

1¥( h ) #( goh ) = Igo )
i

:

¥g!!E¥Yt#D*
" H -

eqivaiant functions "



(g4)Cg . ) : - Ity'g . )

If 4 is H - equiv.

then
g .4

is H . equiv !

.

'

- Indah✓ ) is a rep of G
.

=
.

Geometrical Interpretation
mm

G×V this is a V bundle
Make a Over G

.

Moreinteresting vector bundle :

( right )

H - action on G×V

¢n : lgir ) → ( gh , ai's .v )

GXAV = set of
equiv . classes

It fiber is V

GIH t is co . t
.



'T ( [ g ,v)] ) = GH p cont .

✓
GH Lie

groups
'

,

=\ # Cont
.

1

1

:⇒
T '(gH ) =

copy of V ⇒

Homogeneous vector bundle /G/H
Section s : G/H→ G×#V

To s =IdqH
.

SCGH ) = [ ( qing ) ) )

={ ( ghmgh ) )|heH }
-



(gh , Kgh) ) ~ ( grey ) )
but deegt:b .

( gh , ugh) )~(ghhYpchivgn) )
= ( g , pHKgh ) )

[0v§h)=pH')v§I
vi variancecondition ! !

{ Sections of the homogeneous
bundle it . Gx

,+v→G1#
}

112 Ly 1
- 1 Correspondence

equi variant functions

I atwo÷Y%
, }



Example
⇒
eps of SOAP { ( eioeio) }

a N )
U ( 1 ) = Z

pk : ( eioeio ) ↳ eiko

v±¢

Consider the induced
rep

:
.

£544

sK2% , , ,
I 82 ±ER '

G×µV is a Complex line
bundle over 8£ or Ep

'

.

P( L - ER
' ) = eqirations

.



( Y if ) e socz )

I ( ME ) leioe :o) )
j-

often .EC :*
Y( U

,
V ) =simpler notation

.

U(ueit,veio)=EikoU(u,v€
is - diml

space of such
functions on SUCH = 53

.

12141€2
BI ,¢*a



Look @ the subspace of

holomophic functions on E-
which have been restricted to

soak s3 a TE '

I ¢2

In other words : just drop
the condition IUPHVEI

Hu ,v ) .
-

|4(uei9vei•)=Eitou(u,#

4 has to be homogeneous

together at hlomophy =)

polynomial.
and

- kzo

- K =2j EZ
+

je { oil
,

1,3k
,

. . . } .



Inside the induced repel
the holomophic equiv . functions

form the vector space

Hg - { ihnmieiofdtkwgxlgt
.

Choose
a basis :

Flu ,v ) =
ujtmrj - m

m. - j , jti ,
- jtz ,

. - . . ,j - i ,j
( Zjtl ) - diml rep .

Let's see how SU (2) is rep.
on fk

j .

g= ( xp
'

I ) KEHEI



Working through def
. of the

left G- action on Index )

(g. fi ) in ) = £⇐u+e,

-

pn+* )

= tiutfrptmfpu+avF
= I I ;kgs . fin

%#n÷¥
.sn#Ktenj-mtf5tnfpyt

g= ( g
- I ) D - explicit

function on SU (2)

Matrix elements of imeps
form complete set of tnekons on

L4G )



so DI
;n Complete orthg .

basis for ETSUH)
Wigner functions

. ( NNOTquite
normalized )

Special cases -

spherical haromonics

associated Legendre

In → ) mig >
normalization

-
change standard QI

.I

*-mjlj
-

Similarly one can derive

the
unitary imeps of the

Lorentz t Poincare '

groups using
induced rep± 's

.



ECG) is a rep of G<×Gr

⇐.gr) .4§#=i4(gilggr )

Dsm
;m is a rep of suczlxsucz )

it is the ( j , j ) rep.

Dlwlgi

'g°gr÷sm*m¥lDlyI9o
' '

Dsnxdgr )*
sue ) ) I ¥o Vjoy.



The
space

of old functions on

SUH with H - equiv .
condition

yfgleieeio) ) =
Eino 4cg )

Spannedba

m@§
)

l±lk1- je me j

Indus
,,YYq)±⇒

Ha
KEZ



He :S CYSD > L

But ! SVN rep. ti
'

k : GXG → UCI )
"

sympkdic
form "

Hui ) - E - G ' I

Sympaut (G) C Aotf )
- x

preserve k xx*k
- pull back function

Hk )(g, ,g . ) : - k@g, ) .sn# )

sympaot { x 1 a*k=k }
.

e.g. ( YR )
Symptom

ympleticcsovp .



~

I → 011 ) → G → G → I

corresponding. . → Aut (G)acts of

÷
Ingeneral ( not nee

.
He 's

f not
.

nec
.

Abdi :-)
it : G- .→ G homomorphism

x c- Aot ( G )
we

say I is a left of x

if

E÷:* µ
E - G



@ tkgD= <City ,)Vt
Back to extensions

I → A → I → G -s I

G
,

A Abelian : Written additively.

Given Le Aotk ) can

we lift it to gfeAuto )

I

Lifhjdyae,gs,(qµ.pp€
(

general solution to @



Now Tx has to
preserve

the
group

law on G-

( a
, ,g , ) . ( ang . )

= ( a .+az+f(g,,gD , gtgz )
⇒ Constraint on % ( a ,g )

Ta @,g ) = ( at ta , xcg ) )
where

a*f-f=tddI!Iu€⇒a*k÷¥91Sympetutk)

x*ff ] = If ] HIEHYGA )



Eat : Heis (112+0121)

ie
. § ,§ of QM

.

Symptut ( Rok ) = Sp&iR)

A = ( 9:) J=C :! )

Atr JA = J

At J A = ( ad - be ) J

for
Any 2×2 matrix

Spk,R)= SL @,R )

( For n > I SL@n.R ) and

Sp ( zn
,

a ) are completely
different

. )



f ( Kp , ) ( ap .)=hE⇐p> - hp , )
�1� A

RITR NOR

|g*f⇒ ye SPKR)

so tgk , p ) =o .

so sympledic group lifts
to a

group
of aut 's of

Heis HORI) in a completely
straightforward way .

However : The action on

the SUN
rep is subtle

.



Lie

algebra
2,R)= sl(2,1112)

= { 2×2 real traceless matrices }

spanned by
e= C :! ) h= to' ; ) f= C;; )

( h,e]= - Ze ¢,f]=h [ ht ]=2f

Represent the Lie algebra :

£= pce ) etc
.

£=z÷PEs÷&p+pf)
f^= step check commotions

work
.



Now consider UCI ) C 542
,

,
R )

~ SPKR)

>
exp of(e+f ) ) |fao+z±¥

= cos o + since ⇐! )
= Rcol = CII:YI9o )
maximal

compact abelian

subgroup .

How is it
represented on ECRP

.

exp ( ofetf )) operates
)

£+I⇐idP+I )

spectrum is { if +'⇒ / nzo }



Because of the Yz in the

gnd state
energy

exp @(£+I) ) has periodicity

f~ Ot 4T

exp ( xdtyhtzf )
×

. yit real generates a

double cover of Sp ( 2 ,R )
"

metapbecti group
"

1→Q→Mp¢2,R)→spkR
)

w
has he finite - dirt

faithful
rep 's !



Mpl ( 2,112 ) is an example

of a Liegrop that is NOT

a subgroup
of GUN, R )

for
any

N !

.

Imed
.

FD
. Reps of sl ( 2 ,

R )
SL(2, R )

-

v Iu
7 v.

Pavo =o plhvo = - Nvo

N some
integer.

Vo
, PHN .

,
. . - .

, pcf )Nv
.

Cely - N - Ntl -
.  -  - + N

.



Sl @, R ) f- su CZ ) as real

Lie algebras
B

:(2,32 )Q¢¥suGj@¢
I Slc 2,1C )

a
it

'
- TZ

trh = -2 ;T3

f =PET'
- T2

Tk= - Izoh generate such

as a real Liealgebm

We 've constructed the imeps
of SUCD

.



etf ← , i JZ

In
an# f- d. rep. of Suk )

pg+pH ) is diagonal izeble

has eigenvalues of the form

il
,

LEZ
. ⇒ In

finite
- diml

rep
's

exp ( toe)+pfD )
has

period on 0+25

⇒ Mpl( 2,112 ) cannot be

faithfully represented infinite

dimensions
.



exp oetf )

very interesting 1- parameter family
of operators

Period O ~ Ot 4T

f=#/z Fourier transform

@
0 ( Etf )

0=+12

( yky = Fx )

= CHI
,

feixtyyidy

( [ Etty )q = yex )

Note That
square

of Fourier

transform is NOT 'Ve identity .

ya → 4⇐ )



Above shows that IT

has order 4 not 2
.

And
many

other things . . ...

2


